We consider the QCD parton saturation models to describe the soft interactions at the highenergy limit. The total and elastic cross-sections, as well as the elastic slope parameter, are obtained for proton-proton and pion-proton collisions and compared to recent experimental results. K e y w o r d s: color dipole picture, QCD parton saturation, Regge theory.
Introduction
Describing the soft processes with the use of the QCD degrees of freedom is a quite difficult task, since they are dominated by a long distance (nonperturbative) physics. It has been shown that the soft observables as the total and elastic cross-sections depend on the transition region between the high parton density system (saturation domain) and the perturbative QCD region [1] [2] [3] . The parton saturation phenomenon [4] [5] [6] is a well-established property of highenergy systems and gives a high-quality description of inclusive and exclusive deep inelastic scattering (DIS) data. As evidences of the successfulness of such approach, we quote the description of the light meson photoproduction cross-section [7] [8] [9] [10] [11] [12] and diffractive DIS (DDIS) [13, 14] . Both are semihard processes, where an important contribution to the cross-section comes from the kinematic region in a vicinity of the saturation momentum, . This dimensional scale increases in the high-energy region. A well-known formalism, which is intuitive, and where the saturation physics can be easily implemented, is the QCD color dipole picture. It is expected [1] that the soft processes measured, for instance, at the Large Hadron Collider (LHC) in hadron-hadron collisions probe the distances about ∼ 1/ ≪ ℎ , with ℎ being the hadron radius. In this context, the hadron scattering at the LHC could be described by color dipoles as the correct degrees of freedom even at large transverse distances. Moreover, it has been shown that the crosssections for soft hadron-hadron collisions within satu- MACHADO, 2019 ration approaches satisfy the Froissart-Martin bound [2, 3] . In this context, the role played by the unitarized hard Pomeron contribution to the soft observables has been carefully discussed in Refs. [15, 16] .
Here, we will investigate the soft observable in the small-regime within the color dipole picture and parton saturation approaches. The paper is organized as follows. In the next section, we summarize the theoretical information to compute the cross-section for hadron-hadron collisions in two color dipole approaches. First, we consider the asymptotic crosssection following Ref. [3] , where the cross-section is assumed to be dominated by the two-gluon production in the final state, → + . There, the main ingredients are the gluon distribution of a projectile and the partonic cross-section associates to the interaction → + . We also consider the model presented in Ref. [1] , where the virtual photon wave-function is replaced by the corresponding wavefunction for the hadron projectile. The hadron-proton interaction is computed using the dipole-proton amplitude constrained from DIS data. The numerical results from both models are compared to experimental measurements focusing in the LHC kinematic regime. Finally, we discuss the main theoretical uncertainties and present the main conclusions.
Theoretical Frameworks and Their Phenomenological Applications
Our first investigation will consider the color dipole approach applied to hadron-hadron collisions proposed in Refs. [3] . For simplicity, we address initially the case for proton-proton collisions in colliders. The formalism is able to provide us the production crosssection of (heavy or light) quark pairs or gluons at the final state. Namely, similarly to photon-hadron interactions, the total quark production cross-section is given by [17, 18] 
is the factorization scale. The quantity
is the projectile gluon density on the scale , and the partonic cross-section ( → →¯) is given by [17] (
with Ψ →¯b eing the pQCD calculated distribution amplitude, which describes the dependence of the |¯⟩ Fock component on the transverse separation and the fractional momentum. It is given by,
where ( ) is the strong coupling constant, which is probed on a renormalization scale ∼ . We note that the wavefunction will lead to a dominance of dipole sizes around ∼ 1/ in the corresponding -integration. Therefore, for the heavy quark production, the color transparency behavior from the dipole cross-section, dip ( ) ∝ 2 , will be the main contribution (pQCD). In the charm case, an important contribution should come from the saturation region, since the typical dipole size, ≃ 1 GeV −1 , can reach an order of magnitude similar to the saturation radius,
On the other hand, for light quarks, ≃ ≃ 0.14 GeV, we are deep in the parton saturation (very low-2 and a small scale of the probe) and nonperturbative regions. This will be the case in the following calculation.
In the partonic cross-section,¯is the crosssection for the scattering of a color neutral quarkantiquark-gluon system on the target and is directly connected with the dipole cross-section:
Here, the main idea is that, at high energies, a gluon from the projectile hadron can develop a fluctuation which contains a¯pair. Interaction with the color field of a target then may release these heavy quarks. Such an approach is valid for high energies, where the coherence length ≈ 1/ 2 is larger than the target radius. Therefore, it is natural to include the parton saturation effects and to use the fact the dipole cross-section is universal, i.e., it is process-independent. For the sake of completeness, the parton momentum fractions are written in terms of the quark pair rapidity and masses,
. Following Ref. [3] , we obtain the asymptotic hadron-hadron cross-section within the color dipole approach considering the dominant process, → → , at high energies. Now, the gluon from the projectile hadron develops a fluctuation which contains a two-gluon ( ) pair further interacting with target's color field. Accordingly, the expression for the total cross-section for the gluon production at the final state is given by [19] ,
where the effective gluon mass, , was introduced in order to regularize the calculation. Thus, in this case, one has 1,2 = 2 √ exp(± ).
The new partonic cross-section ( → ) is given by
with Ψ → being the corresponding distribution amplitude associated with the | ⟩ Fock state. It is obtained from Eq. (2) in the following way:
The partonic crosssection is the cross-section for the scattering a a color neutral three-gluon system on the target and is directly related to the dipole cross-section in the following way [19] :
Now, we will present the corresponding phenomenology using Eq. (4). From Ref. [3] , we identify basically two main shortcomings: a very low value for the effective gluon mass, = 154 MeV < Λ and the identification of the scale with the starting evolution scale in the gluon PDFs considered, 2 = = 2 0 . Here, we will use the value = 400 MeV. Moreover, for the gluon PDF probed on the low scale, 2 = 2 = 0.16 GeV 2 will be given for a prediction from the parton saturation physics,
where the updated values for the GBW model parameters have been used [20] . Consistently, for the dipole cross-section, we have used the GBW parametrization. It should be noted that the result is parameterfree and corresponds to the soft Pomeron contribution to the cross-section. In Fig. 1 , the result for the total cross-section in proton-proton collisions is presented. Both the lowenergy and cosmic rays data are presented. Experimental measurements from colliders are properly identified [21] , especially the recent LHC data. The asymptotic model is in a quite good agreement compared to accelerator data, despite no further adjustment has been done. There is some room for fitting the reggeon contribution at low energies.
We have also considered another color dipole approach addressing the soft scattering processes. In such a case, other observables can be described as the elastic cross-section and the elastic slope parameter. We follow Ref. [1] and compute the total crosssection in following way:
It depends on the color dipole amplitude, ( , , ), and on the hadron wavefunction, Ψ ℎ ( , ). The expressions resembles the same equation for the DIS description within the color dipole approach. In other words, the photon wavefunction is replaced by the hadron one. Here, in the meson-proton scattering, a meson is treated as a¯pair: the calculation implies that DIS, i.e., the interaction of a color dipole with a proton target and the saturation physics can be embedded in the dipole amplitude. A similar approach has been considered also in Refs. [22] [23] [24] , where the Pomeron dynamics is written in terms of the dipoledipole cross-section. For instance, in Ref. [22] , the large dipoles are dominated by a soft Pomeron contribution, whereas small dipoles are driven by a hard Pomeron piece (two-Pomeron model with hard and soft Pomerons). On the other hand, in Ref. [23, 24] based on Mueller's cascade model, the authors discussed several contributions including the effect of Pomeron loops.
To characterize mesons and baryons, we use the phenomenological ansatz from Wirbel-Stech-Bauer (WSB) [22] which gives
where the hadron wave function normalization to unity, ∫︀ 2 | ℎ ( , r)| 2 = 1, requires the following normalization constant:
(10) Fig. 2 . The total and elastic cross-sections for collisions. The upper cross-sections are total cross-sections, while the lower ones are the elastic cross-sections. Tevatron, SPS, LHC, and cosmic rays data are presented [21] . The lines are the results from the eikonal-type (saturation) model Therefore, mesons and baryons are assumed to have a¯and quark-diquark valence structure. Since quark-diquark systems are equivalent to¯systems, this allows us to model not only mesons but also baryons as color-dipoles. The values of the parameters in our case are the following: Δ ℎ = 0.3 (2) and ℎ = 0.86 (0.607) fm, for /¯( ± ), respectively [22] .
Before discussing an impact-parameter dipole amplitude extracted from DIS data, we would need to rewrite the energy dependence from the photonhadron scattering in terms of the appropriate Bjorken scaling variable-. In this work, the following ansatz has been considered:
which has been successfully considered in Ref. [25] .
Here, 2 0 ∼ 2 ℎ and = 0.2 fm. Such an ansatz is numerically equivalent to the proposal 1 = 2 0 , with 2 0 ∼ (2 ) 2 ≃ 2 ℎ , done in Ref. [1] . For simplicity and faster numerical calculations, we consider the last relation, where the 2 0 parameter will be extracted from the total cross-section data.
We tested an eikonal-like expression for the dipole amplitude, where the impact parameter dependence is factorized from the energy dependence. The function ( ) is described by the dipole profile function. Namely, the amplitude has the following form:
where we have considered the parameters for^from the GBW saturation model [20] and the value 2 = = 4.5 GeV −2 . Here, the parameter was defined as = √ 8 . In Fig. 2 , we present the results associated with the application of the model for the -dependent color dipole amplitude to the scattering at the accelerator energy regime. Accordingly, we can say that the model adequately describes the proton-proton cross-section data, and we extend it to higher energies to make predictions for cosmic-ray energies. Moreover, in Fig. 3 , we present the slope parameter, el ( ) as a function of the center-of-mass energy. We present the comparison against the recent LHC data, and it was found that the description of data is quite reasonable.
In summary, we have applied the color dipole picture to the soft hadron-hadron scattering, by including the parton saturation phenomenon as the transition region between the soft and hard domains. We have shown that the inclusive process is mainly driven for dipole sizes near the saturation radius in the highenergy regime. The main advantage is that the corresponding phenomenology is almost free of parameters, as they are completely constrained from DIS data in interactions. The models rely on the dipole cross-section or -dependent dipole amplitude and indicate that the impact parameter profile is crucial for a good data description. The advent of the LHC opened a new window for the studies of the diffraction and the elastic and inelastic scatterings, as they are not strongly contaminated by non-diffractive events. This is translated in the Regge-theory language saying that the scattering amplitude is completely determined by a Pomeron exchange. The current measurements on these soft observables at the LHC in proton-proton collisions are in a very good shape, covering the energies of 0.9, 2.76, 7, 8, and 13 TeV [21] . In the context of the saturation physics, the soft Pomeron may be understood as an unitarized perturbation Pomeron [26] . It can be shown that the trajectory of a soft Pomeron could emerge as a result of the interplay between perturbative physics of a hard Pormeron and the confining properties of the QCD vacuum. Specifically, the local unitarization in the impact parameter plane can lead to a reasonable description of the intercept and the slope of a soft Pomeron [26] . Our work corroborates those statements, once the soft observable in the small-regime is correctly described within the color dipole picture and the parton saturation approach.
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